Prom brane assisted inflation to quintessence through a single scalar field 
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We explore within the context of brane cosmology whether it is possible to obtain both early 
inflation and accelerated expansion during the present epoch through the dynamics of the same 
scalar field in an exponential potential. Considerations from successful inflation and viable radiation 
and matter dominated eras impose constraints on the parameters of the potential. We find that the 
additional requirement of late time quintessence behaviour in conformity with present observations 
necessitates the inclusion of two exponential terms in the potential. 

PACS number(s): 98.80.Cq 
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I. INTRODUCTION 

The idea that our universe is a brane embedded in 
higher dimensional space has received considerable at- 
tention in recent years (lj. This has been motivated by 
solutions of string theory where all matter and gauge 
fields are confined to the 3-brane, whereas gravity can 
propagate in the bulk. In these schemes the extra di- 
mensions need not be small or compact, a radical depar- 
ture from the standard Kaluza-Klein scenario, and the 
fundamental Planck scale could be significantly smaller 
than our effective four dimensional Planck scale m p i [Q. 
A lot of effort is currently being devoted to understand 
the cosmology of such a brane world scenario ||] . 

The most important feature that distinguishes brane 
cosmology from the standard scenario is the fact that 
at high energies the Friedmann equation is modified by 
an extra term quadratic in energy density p |J . It is ex- 
pected that the implications of such a modification would 
be profound for the inflationary paradigm. Recent mea- 
surements of the power spectrum of CMB anisotropy Q] 
provide a strong justification for inflation ||. It has been 
realized that the brane world scenario is more suitable 
for inflation with steep potentials because the quadratic 
term in p increases friction in the inflaton field equation 
||. This feature has been exploited to construct infla- 
tionary models using both large inverse power law as 
well as steep exponential f| potentials for the scalar field. 

A common ingredient in these models is that reheat- 
ing is supposed to take place through gravitational par- 
ticle production. The conventional reheating mechanism 
through decay of the inflaton cannot be implemented in 
these models because the saclar field potential does not 
have a minimum near the scale of inflation. At the end 
of inflation, the scalar field equation becomes kinetic en- 
ergy dominated because of the steepness of the potential. 
This energy is redshifted rapidly and radiation domina- 
tion ensues. The detailed aspects of the scenario of grav- 
itational particle production has been debated in Refs. 
B . The condition that radiation domination sets in be- 



fore nucleosynthesis is used to impose constraints on the 
parameters of brane inflation models |t]|| . A definite pre- 
diction of these models is the parameter independence of 
the spectral index of scalar density perturbations [^-|| . 

The continued rolling down the potential slope of the 
inflaton field raises interesting questions about its late 
time behaviour. Preliminary analyses support the idea 
that the same scalar field can provide inflation at early 
times, and behave as a quintessence field at late times 
||7|,ppC|] . Recent observations of distant supernovae and 
galaxy clusters seem to suggest that our universe is 
presently undergoing a phase of accelerated expansion 
JIT| , indicating the dominance of dark energy with neg- 
ative pressure in our present universe. The idea that a 
slowly rolling scalar field provides the dominant contri- 
bution to the present energy density has gained promi- 
nence in recent times ]T^ ] . The crucial feature for viabil- 
ity of this theme is the existence of late time attractor 
solutions for a wide range of initial conditions for cer- 
tain types of potentials |13|| . The possibility of obtain- 
ing quintessence through tracker-type potentials has been 
analysed through a variety of power law or exponential 
potentials, and also combinations of these |ff3, though 
a recent study seems to disfavour models with large 
inverse power law potentials. 

In this paper we consider a potential consisting of a 
general combination of two exponential terms given by 

V(4>) = V [Aexp(-a<p/m p i) + Bexp(-/30/m p; )] (1) 

Such a potential has been recently claimed |H| to con- 
form to all the observational constraints till date on 
quintessence for certain values of parameters. Our goal 
is to check in detail whether a viable scenario of brane 
world inflation, and a feasible late time quintessence so- 
lution both work out with this potential. We impose all 
the requisite constraints that come into play in inflation, 
during the intermediate radiation and matter dominated 
eras, and finally from the present epoch of accelerated ex- 
pansion. Balancing the dynamics between such disparate 
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scales requires, as expected, a tuning of one parameter in 
the potential. This is just a rephrasing of the cosmologi- 
cal constant problem which cannot be addressed through 
this mechanism. Nonetheless, our results indicate that 
such a unified scheme is possible with certain restrictions 
on the allowed values for the potential parameters. Our 
analysis serves to highlight the inevitability of requiring 
two exponential terms and also to rule out certain specific 
categories (formed by the selection of particular combi- 
nations of values and signatures of parameters) of the 
above potential. 



II. INFLATION IN THE BRANE WORLD 
SCENARIO 

To begin with, let us note certain points regarding the 
parameters in potential (1). First, one of the constants A 
or B can be absorbed in Vo- Secondly, V(<f>) is invariant 
under the transformation a — > —a, (3 — » —j3, (j) — ► —<fi- So 
without loss of generality we can set B = 1, a < 0, and 
4>i > 0, where <f>i is some initial value of <j). Further, we 
assume that either of the two conditions, (a) —a >> 
or (b) \A\ » 1, for a//3 « +1 hold. This makes the first 
term in V((p) dominate except for very small or negative 
values of <f), thereby enabling us to make use of the anal- 
ysis of Copeland et al. p] during the early inflationary 
era. 

The brane world dynamics is governed by the modified 
Friedmann equation 



H 2 = 



8tt 



2A 



(2) 



where, for reasons of simplicity, we have set the contri- 
butions from bulk gravitons and higher dimensional cos- 
mological constant to zero The brane tension A 

defines the scale below which the quadratic correction 
begins to lose importance and standard Friedmann evo- 
lution is recovered. The scalar field obeys the equation 



'<j) + iH^ + V'{(j}) = 



(3) 



As long as the condition p/2\ > 1 holds, the quadratic 
term in Eq.(2) dominates and contributes to increased 
friction in the scalar field equation (3). Thus during in- 
flation, one can define a modified slow role parameter 
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V(</>) + 2A 



(4) 



If the brane energy momentum tensor is dominated 
by the energy density of the scalar field, inflation ensues 
when e < 1. The condition for brane assisted inflation 1 
is thus weakened compared to the standard CclSC, ctS here 
p < —\p guarantees acclerated expansion, i.e., a > 0. 
In the slow roll expansion, the number of e-foldings N is 
given by 



N ~ XML ( 2A + ^) ' 

rr&J* V'(<P)\ 2A 



(5) 



where <f> e denotes the value of (f> at the end of inflation, 
(e w 1). Assuming V >> A during inflation, one obtains 



Vo ~ - — -exp 



4:nA \ m p i 



(6) 



and 



V e 



\a 2 
An 



(7) 



Hence, the number of e-foldings N can be written as 



N ~ exp 



-a 



mpi 



-l-iL^-Ve) (8) 
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where the value of the potential at N e-foldings from the 
end of inflation is given by 



V N = V e (N + l) 



(9) 



Following Refs. |6|,[8| one can define the amplitude of den- 
sity perturbations as 



A 



, ^ 647rV 4 (0) 
75a 2 A 3 



(10) 



Using the COBE normalization A s = 2 x 1CT 5 Q, one 
gets 



10 15 GeV 



(11) 



Though we have assumed V(<p) >> A during inflation, 
consistency demands that the scalar field be confined 
to the brane at all times. One has to ensure that 



1 The term "assisted inflation" was coined in the context of 
standard Friedmann cosmology where cumulative effects of 
multiple scalar fields in exponential potentials give rise to in- 
flation However, in this paper we use the term "brane 
assisted inflation" simply to signify the effect of the quadratic 
energy density correction towards helping slow roll. 
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V max < (M5) 4 , where M5 is the five dimensional Planck 
scale, related to m p i and brane tension A by 



(12) 



The above consistency condition (V max < (^s) 4 ) leads 
to the constraint 




-Ct{(j)r, 







m p i 



< 13.8 



(13) 



Using Eqs.(8) and (13) one can see that the maximum 
number of e-foldings possible is given by 



exp 







10 5 



m p i 



(14) 



We recover the results of brane assisted inflation pre- 
sented in Ref. || since our model reduces to theirs dur- 
ing inflation, ft should be mentioned here that two 
generic predictions of brane inflation, (the spectral in- 
dex ns ~ 0.92, and the ratio of the amplitude of tensor 
to scalar perturbations, A\jA 2 s ss 0.03), are independent 
of the slope a of the exponential potential |6|,||,[l9| . How- 
ever, to produce an observationally acceptable value for 
ns and A^/A s , one needs a very high power of (f> for 
inverse power law potentials M . 



(K/2A) 5 / 3 ~ {-a/VS^) w/3 § over and above the fac- 
tor of around 10 by which it would have expanded had 
kinetic domination of the scalar field set in immediately 
at the end of inflation. The temperature of radiation at 
the onset of radiation domination is given in this scenario 
by 



Trd 



10 4 GeV 



(16) 



Radiation density in the universe must dominate before 
nucleosynthesis, i.e., T^jy > lMeV. Hence, one obtains 
an upper bound on a, i.e., a < 10 2 . In practice, how- 
ever, this scenario is extremely unlikely because the steep 
nature of the potential will quickly force p§ to be domi- 
nated by kinetic energy [uj^ « 1, <^> = a~ 3 ), and the above 
bound should be interpreted in a loose sense. Keeping 
this caveat in mind, one could still calculate the number 
of e-foldings encountered by the <fi field from the end of 
inflation to nucleosynthesis, which is given by 



exp 



-a((fte - (j>nuc) 

rn.pi 



\K.D. 
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(17) 



In the more likely case of brane effects continuing to play 
a role in the dynamics for some time after the end of in- 
flation, a more plausible solution for <j> is of the "tracker 
type" p3[ where uj^ ~ uj r — 1/3. In this case it turns out 
that 



III. CONSTRAINTS FROM RADIATION AND 
MATTER DOMINATED ERAS 

The scalar field potential at the end of inflation is given 
by V e (Eq.7). At this stage the brane correction to Fried- 
mann equation is dominant for a 2 > 8ir. The field <f> 
continues to roll down in the absence of any minimum 
for the potential at this scale. Thus reheating can take 
place only through gravitational particle production . 
Assuming this to be the case, the energy density in radi- 
ation at the end of inflation is given by 



10 n GeV 



(15) 



where g is the number of fields which produce particles 
at this stage. The ratio of radiation density to scalar 
field density is (pR)e/(p<p)e ~ ff(10~ 17 ) ||). Radiation 
red shifts as pa oc a~ 4 and competes with the scalar 
field energy density p$ for domination. The equation 
state for <fi after inflation is uj^ > —2/3. p^ falls off 
starting from p^ oc a -1 (when brane effects are most im- 



portant) to 



tx a 



(complete kinetic domination). In 



the rather unlikely case of the former evolution through- 
out the time until p < 2A, the onset of radiation dom- 
ination gets delayed. Radiation domination ensues af- 
ter the scale factor has expanded by an extra factor of 



exp 



m p i 



\tr acker 



(18) 



Before proceeding further, one needs to ensure that the 
temperature of radiation density at the end of inflation 
given by Eq.(16) does not exceed 10 9 GeV, the temper- 
ature at which thermal production of gravitinos might 
be significant [po|| . It can be checked from Eq.(16) that 
T e < 10 9 GeV implies -a > 10 2 . Using this bound to- 
gether with the requirement for the onset of radiation 
domination before nucleosynthesis, we set the value of a 
to be 



O(10 2 ) 



(19) 



Recently, it has been claimed that the requirement that 
reheat temperature after inflation be bounded by pro- 
duction of excess gravitons limits the brane tension, i.e., 
A > 10 11 Gev 4 plfl . Our choice of a is consistent with 
this bound. 

Exponential potentials are known to yield tracker so- 
lutions. Here we look for a late time attractor or scal- 
ing solution where the scalar field dynamics mimics that 
of the dominant background fluid (radiation or matter) 
with an approximately constant ratio between their en- 
ergy densities. The tracking condition |l3| requires that 



v{<p) 



(20) 
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holds at various stages of evolution. Eq.(20) can be used 
to check the consistency of the constraint (19) at different 
stages, for example, at tn„. r when the recently obtained 
bound (0^) nuc < 0.045 P^] needs to be satisfied. The 
existence of tracking behaviour can be determined by the 
quantity E3) 



{V'{<j>)f 



(21) 



If r stays nearly constant, then a solution converges to 
a tracking one. For our model it is easy to verify that 
r = 1 whenever either of the two terms dominate in 
Eq.(l). (With our choice of conditions (a) or (b), we 
want the first term to dominate during inflation, as well 
as throughout the radiation and matter dominated eras. 
The transient regime when both the terms play equitable 
roles in the dynamics will be discussed in the next sec- 
tion) . 

The exact evolution of the 4> field will depend on its en- 
ergy fraction Jl^ and its equation of state parameter 
which varies with time all the way from « 1 (kinetic 
domination) at some stage after inflation to — ► —1 
(quintessence) during the present epoch. Analysis of re- 
cent CMB data constrains < 0.39 during the radia- 
tion dominated epoch ^2j. Numerical analysis |^3| sug- 
gests that from t nuc to t eq fi^ rises slowly staying nearly 
constant around 0.2. Assuming tracks the behaviour 
of radiation (i.e., lj^ ~ 1/3) up to the era of matter- 
radiation equality, one obtains 



exp 



-Ct{4>nuc - <j>eq) 

m p i 



(22) 



From t eq to the present era the field <fi experiences a few 
more e-foldings {exp[-a{4> eq -4> now )/m p i] w 0(1)). Dur- 
ing galaxy formation fi^ < 0.5, and hence, the dynamics 
should be such that —0.5 < oj^ < —1/3 during this era 
|p3f . These are approximate results in the sense that for 
more accurate results one has to solve the equations of 
motion for (f> and H. Nevertheless, our use of average 
values for uj^ during different eras is justified as our pur- 
pose here is to estimate the available parameter space 
for cf> before domination sets in around the present 
epoch. Or, in other words we estimate the total magni- 
tude of rolling down the effective slope a of the potential 
experienced by </> until the present phase of accelerated 
expansion influenced by the second term in Eq.(l) is ar- 
rived at. 



IV. ACCELERATED EXPANSION DURING THE 
PRESENT EPOCH 

With a high level of confidence present observations 
suggest that our universe has entered an era of accel- 
erated expansion driven by a cosmological constant or 
energy density of a scalar field with w 0.7 |lUp4|. 



Our model with effective slope a describing the dynam- 
ics from inflation to matter domination is unable to ac- 
count for a second period of accelerated expansion. This 
is because the late time attractor solution used here has 
ujfj, uo m . Although recently it has been claimed that 
a viable model of quintessence could work with a poten- 
tial having a single exponential term p5| , the allowed 
value for the slope of the potential is two orders of mag- 
nitude smaller than the value of a that needs to be used 
by us. It is known that exponential potentials also al- 
low for another kind of late time attractor solution, viz., 
(V'/Vf < 3(w + 1) and ^ « -1 + (V'/V) 2 /3 ||||. 
To achieve such a solution, we invoke the second term 
in our potential (1), which plays a dominant role in the 
dynamics for small values of (p/m p i. The potential V{<p) 
has a minimum if Aa/fl < 0. The dynamics in this case 
is quite different from the case when <f> rolls down mono- 
tonically. We will analyze the two cases separately. 

Let us first consider the case when Aa/ (3 > 0, and the 
potential at present is dominated by the second term, 



Ko^^exp^— jexp ( 



/ OL(j> e \ 

M < 



-Mr. 



m p i 



(23) 



It can be seen from Eq.(21) that the tracking condition 
(r = 1) is satisfied. However, in the transient regime 
when both the terms in Eq.(l) are of comparable mag- 
nitude, one obtains T = 1 only for a/ (3 0(1). Since 
early universe dynamics constrains —a ~ O(10 2 ), accept- 
able values for (3 in this case would violate the late time 
attractor requirement of « — 1 + /3 2 /3. So for this 
scheme to work, the present universe should be well out 
of the transient regime. In other words, the validity of 
Eq.(23) should be accurate. 

The value of the potential at present V now should be 
equal to the present energy density, p c ~ 10~ 47 (GeV) 4 . 
Combining Eq.(17) or (18) with Eq.(22) one could set 
the average value of the quantity [— a{4> e — 4> n ow)/ nipi] ~ 
O(60). If we set the value of (\> n owl"'n v i ~ O(l), then 
equating V now with p c and using Eq.(ll) one obtains 



.4 



10 80 exp(a - [3) 



(24) 



That we require such a large value for A does not come 
as a surprise, since we have reached the present energy 
density starting from a scale V e « O(10 15 /a)GeV. 

We now analyse the case if Act/ (3 < 0. Here one gets 
a minimum for the potential with 

_ ln(-Aa//3) 



m p i 







(25) 



and 



V m 




, .-exp 
in A \ m p i 



A{-Aa/l3y a/{a ~ l3) 



+ (-Aa//3)"' 3/(Q - /3) 



(26) 
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For this case one does not require the second attrac- 
tor solution, and hence no corresponding restriction on 
the value of 0. Numerical integration in Ref. |l6| con- 
firms that when <f> reaches the minimum of the poten- 
tial, the effective cosmological constant Knin takes over 
and oscillations are damped, thus driving the equation 
of state towards = — 1. For our model, the require- 
ment that V m in ~ Vnow can be satisfied for (f> m in/mpl ~ 
0(1) w A, and —a w 10 2 w (3. However, again setting 
[— a(4> e — 4>now) / m p i] m 0(60), the tuning required in this 
case is given by 

^ ~ 1 - O(10- 60 )a 3 (27) 

We thus find that the basic requirements for viable 
scenarios of quintessence is possible for certain choices 
of the parameters. It remains to be seen if observations 
indicate whether or not a potential with a minimum is 
favored. With the availability of more precise data in fu- 
ture, the accurate reconstruction of quintessence poten- 
tials and the equation of state parameter may be possible. 
It is hoped that programmes such as the ones initiated 
in Ref. [p6| using red shift - luminosity distance correla- 
tions and in Ref. (jl5| using CMB data [^7| will enable 
the enforcement of tighter constraints on the signature 
and value of the parameters A and j3. 



and present acceleration. The motivation for considering 
such a potential is largely phenomenological. Neverthe- 
less, such kind of potentials do arise in the conformal 
Einstein frame due to Brans-Dicke or other types of non- 
minimal couplings of the scalar field. The inclusion of 
a higher dimensional quantum effect or a cosmological 
constant together with a four dimensional potential gives 
rise to effective potentials with two or more exponential 
terms [§9). 

In order to obtain viable inflation and radiation 
and matter dominated eras we ensure that one of the 
two terms in the potential dominates throughout these 
epochs. The values of the parameters must be so chosen 
that the second term starts playing a comparable role af- 
ter the era of galaxy formation. In this way we are able 
to obtain a workable scheme of quintessence. To con- 
clude, we obtain a scalar field dominated cosmology in 
the brane world scenario where one part of the potential 
drives inflation, and the other part plays a crucial role 
in quintessence. In order to achieve this with three pa- 
rameters (a, /?, A) in the potential, our results show that 
through the present status of analysis of observational 
data |i| JTl|p7| | one parameter (a) is constrained, another 
(either A or (3) has to be tuned, and the sign of the re- 
maining one is dictated by the choice of the other two. 



V. CONCLUSIONS 



We have analysed the dynamics arising from a scalar 
field rolling down the slope of a exponential potential 
in the framework of brane cosmology. The brane world 
inflationary scenario is feasible with steep potentials as 
distinct from the situation in standard cosmology. This 
is the case for both exponential potentials || and inverse 
power law potentials [[J. During inflation the desiradata 
of enough inflation and the COBE normalised amplitude 
of density perturbations are used to fix the values of 
the brane tension and the scale of the potential at this 
stage. The generic predictions of the models using expo- 
nential potentials is the parameter independence of the 
spectral index n and the tilt A 2 s jA\ ||. Subsequently, 
the requirements of suppression of gravitino production 
and the emergence of radiation domination before nucle- 
osynthesis constrain the effective slope of the potential 
after inflation. The tracker behaviour of the scalar field 
in an exponential potential ensures the viability of dy- 
namics in the matter dominated era. 

The emergence of a second phase of accelerated ex- 
pansion that we observe today, necessitates the intro- 
duction of a second exponential term in the potential. 
From the point of view of construction of a model of 
just quintessence, there exists an ongoing debate as to 
whether |2f| or not [ ^6p^ ] a potential with a single ex- 
ponential term is able to produce a viable scenario. How- 
ever, our analysis shows that a combination of two ex- 
ponential terms is essential for obtaining both inflation 
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